
iof parameters



In this topic we will give another

method to find a particular solution

to a linear 2nd order ODE.

This method will
work in situations

where undetermined coefficients
doesn't

such as finding a particular solution
to

Il

y + y =
tan(x)

which we
wouldn't be able

to selve

with undetermined crefficients
.

The method will
also work

when

one has non-constant
crefficients.



-erivationof variation of parameters formula

had

Suppose we have IfYou in
Il

y" + a , (x)y) + az(x)
= b(x) * front of y

and it was

neuer
g

where a . (x) , az(x) ,
b(x) are

continuous
You

car

on some interval
I divide by

az(x) first

two linearly

T [We want to
find a particular

solution
to put

Yo to the
above equation

un -- in this

form

Suppose we
have

independent solutions
y ,
and Ye

to the
homogeneous

equation.

assume y ,
and ye

solve

That is ,

y" + a, (x)y
+ az(x)

= 0

T Sea

There is
a theorem

that says
that this

of

that the
Wronskian these

will imply I notes

un -

I
Y ,"2) = 3 ,%2 - 314

&
fur
[

W(y ,Y2) = Y , proof

non-zero on I .

will be



Let

Yp
= V

, y , + VzYz

where V
,
andre are

unknown functions

to be determined.
We hope to

find

v ,
and ve that make up

a particular

solution to y" + a , (x)y' +
no(x)y = b(x) .

Note that
this implies that

yo = viy ,+ viy !
+ viye + vayn

= (v , yi + vyi) +
(riy , + vie)

We will
now

require that
Vy+ viyn= 0

our
calculations. Even

though

to simplify restrictive , it
actually

seem

this may

working.
ends up

Then ,

Y = V ,Yi +
vy'

and



Y* = Viyi + v , y ,
"
+ v= y + vayc

Plugging this into y" + a . (x)y' + ao(xy
= b(x)

We will
need

(rigi +Vig , +Vy+vy = ) + a , (x)(v ,
yi + vy5)

+ do(x)(v , y , + v2yz)
= b(x)

Which becomes

v , (y" + a ,(x(y
+ ao(x)y ,) +van

+ as(x(42)

O
-

O

+ riyi + viyn
= b(x)

will need
Visi +viy =

b(x).

So We

have two
equations to

solve :

Thus we
Q two equations

andviy ,
+ viy = 0 F

two unknowns·Visi =b(x)GoVi , We'
To solve the above system , calculate



y * 0 - y ,* to get

(viy
,
y + viyabi)-(vigiy+ visibil

=- y ;b(x)

This gives

vi(y2Y ! - y2y ,) = - yib(x)
-

-w(y .,Yz) =
- (y ,32- y /Y2)

So
S

Y , b (x)
=-[Vz W(y .,Yz)

Similarly , Y*D-Ya * ②
would give

(viy ,Y + Vigayl-(rigina + Veyal
=- 3zb(x)

Thus,

vi(y ,42 - yyn)
=
- yz-b(x)
-

W(y ,Yz)



Su
,

- yz =b(x)[vi = -W(y ,,Y2)
Thus,

V
,
= Sndx and v =S

and

Yp = V , y ,
+ VzYz

independent
Let Y1 ,Yz

be linearly

solutions to
the homogeneous

equation

Then aFis givebee vay



Ex: Let's solve

Using variation
of parameters.

-

: To solve the homogeneous
equation

y" - 4y' + Yy = 0
we

have the

characteristic equation

r2 4r + 4 = 0

(r - 2)(u - 2)
= 0

So the homogeneous
solution

is

2X
2x

+ Xe ↑

Yn =
c
,
e

un
un

Y2
Y

-

2: Now
we use variation

of parameters
2X

2 and Y z= Xe
.

with y ,
= e

2x XC

We have I C
2X

W(y ,, (2)
= I ze 2X

2x

I
2X

e + 2xe



= e
* (e+ 2xe

* ) - 2xe
*

ex

4 X

= e + 2xe
**
- 2xe

4X
= 2

Thus,
- xeY . (x + 1) ex dX
-

v. =J- e4X

= ((-x- x)dx =
- - x

and

-

=Stdx=Je24X

2

= f(x +1)dx = + Y

So,

yp =
V , y ,

+ VzYc
2x

=- - )e + ( + x)xe

=(



-t3 : This the general solution to

2X

y"- 4y'+ 4y = (x + 1)e

is

y = yn + yp

= e2 + axe + (+ Y

-



Ex: Let's solve

y" + y = tan(x)
-

St: First We
solve the homogeneous

equation y" + y = 0 which has

characteristic equation

r + 1 = 0

Cit=8 = 2r =- 2
2(1)

=
F = Ii

= 01 · i

This
,
the homogeneous general

solution is

0 :X

Yn = c , e
**

(os(l - x) + Gesin(1 . x)

= c ,
cos(x) + (Sin(x)
-
-

Y Y2

-

#2 : Now we use variation of

parameters with y ,
= cos(x) , Yn =

sin(x).



We have sin(x)

wie ,2) = /_ cos(x) I
= cos(x)

- (-sin'(x))

= 1

Thus,

S
- Yz'b (x)

·
tan(x)

dX

Viet +x = S I

=Six =f(x
- 1)
dX

cos(x)

= Scos(x)dx - Jsec(x)dx
= Sin(x) - (n(sec(x) +

+ an(x))

and

v =Sh dx = fxx)
+ an(x)

dX

I

= Scos(x) -dx = Ssin(x)dx =
- cos(x)



Thus
,

Yp = V , y , + VzY

= (sin(x) - (n(sx(x)
+ + an(x))) · cos(x)

-
cos(x) · Sin(x)

=-
cos(x) · (n(sec(x) +

+an(x))

-

3: The general solution
to

y" + y =
tan(x)

is thus

y = yu
+ yp

=
C.
cos(X) + G

. Sink) - Cos(x)
. In/sec) + tank)



The following contains

a theorem
that we

used above .

I put the

Proof , but its
mainly for[for those thatme or It

want to see
why.

linear
Uses some

alg &bra
results.



Threem: Let I be an interval. Let

a
,
(x) and an(X) be continuous

on I.

Let y ,
and ye be linearly independent

solutions to y" + a , (x)y + az(x)
= 0.

Then W(y,Ye)(x) +
0 for any x in

I.

roof: Let y , and ye
be linearly

independent solutions
to y" + a , (x)y'+ a0(x)

y = 0 .

Suppose
that we have

Xo in I
with

W(y ,Yz)(x)
= 0.

Then

I
Y , (xol Yz(Xo (
y' , (xo) J(xo

Would not be invertible.

Thus there would
exist constants

<
not

both zero where

I() = (
%

)

Thus , we would get



c
, y , (xd) + (Yc(Xd) = 0 &
C
, Yi(xd) + cy2(x) = 0

>Define the function f(x)
= c . y , (x) +

c Yz(x).

Then by linearity
we would

have that

f(x) would solve y" +
a , (x)y + a . (x)y

= 0 I

Also , y (Xo)
= 0 and y'(xd) = 0 by 3

the system
above .

But the zero
function also

satisfies

y"+ a , (x)y + a.(x)y
= 0, y(xd)

= 0
,
y(x) = 0 .

I by
the

Thus, f
is the zero

function um

for second order

uniqueness
theorem

initial value problems
.

linear

<y ,
(x) + cyz(X)

= 0 for
all X in I

So, linearly

But then y ,
and ye are

not
independent.

Contradiction .

Thus
,

Whe ,Ya)(x) * 0 for all X in F .

#


